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Préfaé.e

This book deals with computer architecture as well as computer organization
and design. Computer architecture is concerned with the structure and behav-
ior of the various functional modules of the computer and how they interact
to provide the processing needs of the user. Computer organization is con-
cerned with the way the hardware components are connected together to form
a computer system. Computer design is concerned with the development of
the hardware for the computer taking into consideration a given set of specifica-
tions.

The book provides the basic knowledge necessary to understand the
hardware operation of digital computers and covers the three subjects associ-
ated with computer hardware. Chapters 1 through 4 present the various digital
components used in the organization and design of digital computers. Chap-
ters 5 through 7 show the detailed steps that a designer must go through in
order to design an elementary basic computer. Chapters 8 through 10 deal with
the organization and architecture of the central processing unit. Chapters 11
and 12 present the organization and architecture of input-output and memory.
Chapter 13 introduces the concept of multiprocessing. The plan of the book is
to present the simpler material first and introduce the more advanced subjects
later. Thus, the first seven chapters cover material needed for the basic under-
standing of computer organization, design, and programming of a simple
digital computer. The last six chapters present the organization and architec-
ture of the separate functional units of the digital computer with an emphasis
on more advanced topics.

The material in the third edition is organized in the same manner as in the
second edition and many of the features remain the same. The third edition,
however, offers several improvements over the second edition. All chapters
except two (6 and 10) have been completely revised to bring the material up to
date and to clarify the presentation. Two new chapters were added: chapter 9
on pipeline and vector processing, and chapter 13 on multiprocessors. Two
sections deal with the reduced instruction set computer (RISC). Chapter 5 has
been revised completely to simplify and clarify the design of the basic com-
puter. New problems have been formulated for eleven of the thirteen chapters.

The physical organization of a particular computer including its registers,
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the data flow, the microoperations, and control functions can be described
symbolically by means of a hardware description language. In this book we
develop a simple register transfer language and use it to specify various com-
puter operations in a concise and precise manner. The relation of the register
transfer language to the hardware organization and design of digital computers
is fully explained.

The book does not assume prior knowledge of computer hardware and
the material can be understood without the need of prerequisites. However,
some experience in assembly language programming with a microcomputer
will make the material easier to understand. Chapters 1 through 3 can be
skipped if the reader is familiar with digital logic design.

The following is a brief description of the subjects that are covered in each
chapter with an emphasis on the revisions that were made in the third edition.

Chapter 1 introduces the fundamental knowledge needed for the design
of digital systems constructed with individual gates and flip-flops. It covers
Boolean algebra, combinational circuits, and sequential circuits. This provides
the necessary background for understanding the digital circuits to be
presented.

Chapter 2 explains in detail the logical operation of the most common
standard digital components. It includes decoders, multiplexers, registers,
counters, and memories. These digital components are used as building blocks
for the design of larger units in the chapters that follow.

Chapter 3 shows how the various data types found in digital computers
are represented in binary form in computer registers. Emphasis is on the
representation of numbers employed in arithmetic operations, and on the
binary coding of symbols used in data processing.

Chapter 4 introduces a register transfer language and shows how it is
used to express microoperations in symbolic form. Symbols are defined for
arithmetic, logic, and shift microoperations. A composite arithmetic logic shift
unit is developed to show the hardware design of the most common micro-
operations.

Chapter 5 presents the organization and design of a basic digital com-
puter. Although the computer is simple compared to commercial computers, it
nevertheless encompasses enough functional capabilities to demonstrate the
power of a stored program general purpose device. Register transfer language
is used to describe the internal operation of the computer and to specify the
requirements for its design. The basic computer uses the same set of instruc-
tions as in the second edition but its hardware organization and design has
been completely revised. By going through the detailed steps of the design
presented in this chapter, the student will be able to understand the inner
workings of digital computers.

Chapter 6 utilizes the twenty five instructions of the basic computer to
illustrate techniques used in assembly language programming. Programming
examples are presented for a number of data processing tasks. The relationship
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between binary programs and symbolic code is explained by examples. The
basic operations of an assembler are presented to show the translation from
symbolic code to an equivalent binary program.

Chapter 7 introduces the concept of microprogramming. A specific micro-
programmed control unit is developed to show by example how to write
microcode for a typical set of instructions. The design of the control unit is
carried-out in detail including the hardware for the microprogram sequencer.

Chapter 8 deals with the central processing unit (CPU). An execution unit
with common buses and an arithmetic logic unit is developed to show the
general register organization of a typical CPU. The operation of a memory stack
is explained and some of its applications are demonstrated. Various instruction
formats are illustrated together with a variety of addressing modes. The most
common instructions found in computers are enumerated with an explanation
of their function. The last section introduces the reduced instruction set com-
puter (RISC) concept and discusses its characteristics and advantages.

Chapter 9 on pipeline and vector processing is a new chapter in the third
edition. (The material on arithmetic operations from the second edition has
been moved to Chapter 10.) The concept of pipelining is explained and the way
it can speed-up processing is illustrated with several examples. Both arithmetic
and instruction pipeline is considered. It is shown how RISC processors can
achieve single-cycle instruction execution by using an efficient instruction
pipeline together with the delayed load and delayed branch techniques. Vector
processing is introduced and examples are shown of floating-point operations
using pipeline procedures.

Chapter 10 presents arithmetic algorithms for addition, subtraction, mul-
tiplication, and division and shows the procedures for implementing them with
digital hardware. Procedures are developed for signed-magnitude and
signed-2’s complement fixed-point numbers, for floating-point binary
numbers, and for binary coded decimal (BCD) numbers. The algorithms are
presented by means of flowcharts that use the register transfer language to
specify the sequence of microoperations and control decisions required for their
implementation.

Chapter 11 discusses the techniques that computers use to communicate
with input and output devices. Interface units are presented to show the way
that the processor interacts with external peripherals. The procedure for
asynchronous transfer of either parallel or serial data is explained. Four modes
of transfer are discussed: programmed I/O, interrupt initiated transfer, direct
memory access, and the use of input-output processors. Specific examples
illustrate procedures for serial data transmission.

Chapter 12 introduces the concept of memory hierarchy, composed of
cache memory, main memory, and auxiliary memory such as magnetic disks.
The organization and operation of associative memories is explained in detail.
The concept of memory management is introduced through the presentation of
the hardware requirements for a cache memory and a virtual memory system.
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Chapter 13 presents the basic characteristics of mutiprocessors. Various
interconnection structures are presented. The need for interprocessor arbitra-
tion, communication, and synchronization is discussed. The cache coherence
problem is explained together with some possible solutions.

Every chapter includes a set of problems and a list of references. Some of
the problems serve as exercises for the material covered in the chapter. Others
are of a more advanced nature and are intended to provide practice in solving
problems associated with computer hardware architecture and design. A solu-
tions manual is available for the instructor from the publisher.

The book is suitable for a course in computer hardware systems in an
electrical engineering, computer engineering, or computer science depart-
ment. Parts of the book can be used in a variety of ways: as a first course in
computer hardware by covering Chapters 1 through 7; as a course in computer
organization and design with previous knowledge of digital logic design by
reviewing Chapter 4 and then covering chapters 5 through 13; as a course in
computer organization and architecture that covers the five functional units of
digital computers including control (Chapter 7), processing unit (Chapters 8
and 9), arithmetic operations (Chapter 10), input-output (Chapter 11), and
memory (Chapter 12). The book is also suitable for self-study by engineers and
scientists who need to acquire the basic knowledge of computer hardware
architecture.
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Circuits

IN THIS CHAPTER

1-1 Digital Computers

1-2 Logic Gates

1-3  Boolean Algebra

1-4 Map Simplification

1-5 Combinational Circuits
16  Flip-Flops

1-7  Sequential Circuits

1-1 Digital Computers

The digital computer is a digital system that performs various computational
tasks. The word digital implies that the information in the computer is repre-
sented by variables that take a limited number of discrete values. These values
are processed internally by components that can maintain a limited ber of
discrete states. The decimal digits 0, 1, 2,..., 9, for example, provide 10
discrete values. The first electronic digital computers, developed in the late
1940s, were used primarily for numerical computations. In this case the dis-
crete elements are the digits. From this application the term digital computer has
emerged. In practice, digital computers function more reliably if only two
states are used. Because of the physical restriction of components, and because
human logic tends to be binary (i.e., true-or-false, yes-or-no statements),
digital components that are constrained to take discrete values are further
constrained to take only two values and are said to be binary.

Digital computers use the binary number system, which has two digits:
0 and 1. A binary digit is called a bit. Information is represented in digital
computers in groups of bits. By using various coding techniques, groups of bits
can be made to represent not only binary numbers but also other discrete
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program

computer hardware

symbols, such as decimal digits or letters of the alphabet. By judicious use of
binary arrangements and by using various coding techniques, the groups of
bits are used to develop complete sets of instructions for performing various
types of computations.

In contrast to the common decimal numbers that employ the base 10
system, binary numbers use a base 2 system with two digits: 0 and 1. The
decimal equivalent of a binary number can be found by expanding it into a
power series with a base of 2. For example, the binary number 1001011 repre-
sents a quantity that can be converted to a decimal number by multiplying each
bit by the base 2 raised to an integer power as follows:

IX264+0x2°+0X2%+1X2+0x22+1x2'+1x2°=75

The seven bits 1001011 represent a binary number whose decimal equivalent
is 75. However, this same group of seven bits represents the letter K when used
in conjunction with a binary code for the letters of the alphabet. It may also
represent a control code for specifying some decision logic in a particular digital
computer. In other words, groups of bits in a digital computer are used to
represent many different things. This is similar to the concept that the same
letters of an alphabet are used to construct different languages, such as English
and French.

A computer system is sometimes subdivided into two functional entities:
hardware and software. The hardware of the computer consists of all the
electronic components and electromechanical devices that comprise the phys-
ical entity of the device. Computer software consists of the instructions and
data that the computer manipulates to perform various data-processing tasks.
A sequence of instructions for the computer is called a program. The data that
are manipulated by the program constitute the data base.

A computer system is composed of its hardware and the system software
available for its use. The system software of a computer consists of a collection
of programs whose purpose is to make more effective use of the computer. The
programs included in a systems software package are referred to as the oper-
ating system. They are distinguished from application programs written by the
user for the purpose of solving particular problems. For example, a high-level
language program written by a user to solve particular data-processing needs
is an application program, but the compiler that translates the high-level
language program to machine language is a system program. The customer
who buys a computer system would need, in addition to the hardware, any
available software needed for effective operation of the computer. The system
software is an indispensable part of a total computer system. Its function is to
compensate for the differences that exist between user needs and the capability
of the hardware.

The hardware of the computer is usually divided into three major parts,
as shown in Fig. 1-1. The central processing unit (CPU) contains an arithmetic
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Figure 1-1 Block diagram of a digital compurer.

and logic unit for manipulating data, a number of registers for storing data, and
control circuits for fetching and executing instructions. The memory of a

p contains storage for instructions and data. It is called a random-
access memory (RAM) because the CPU can access any location in memory at
random and retrieve the binary information within a fixed interval of time. The
input and output processor (IOP) contains electronic circuits for communicat-
ing and controlling the transfer of information between the computer and the
outside world. The input and output devices connected to the computer
include keyboards, printers, terminals, magnetic disk drives, and other com-
munication devices.

This book provides the basic knowledge necessary to understand the
hardware operations of a computer systern. The subject is sometimes consid-
ered from three different points of view, depending on the interest of the
investigator. When dealing with computer hardware it is customary to distin-
guish between what is referred to as computer organization, computer design,
and computer architecture.

Computer organization is concerned with the way the hardware compo-
nents operate and the way they are connected together to form the computer
system. The various compunents are assumed to be in place and the task is to

tigate the o izational structure to verify that the computer parts oper-
ate as mtended

Computer design is concerned with the hardware design of the computer.
Once the computer specifications are formulated, it is the task of the designer
to develop hardware for the system. Computer design is concerned with the
determination of what hardware should be used and how the parts should be
connected. This aspect of computer hardware is sometimes referred to as
computer implementation.

Computer architecture is concerned with the structure and behavior of the
computer as seen by the user. It includes the information formats, the instruc-
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tion set, and techniques for addressing memory. The architectural design of
a computer system is concerned with the specifications of the various func-
tional modules, such as processors and memories, and structuring them to-
gether into a computer system.

The book deals with all three subjects associated with computer hard-
ware. In Chapters 1 through 4 we present the various digital components used
in the organization and design of computer systems. Chapters 5 through 7
cover the steps that a designer must go through to design and program an
elementary digital computer. Chapters 8 and 9 deal with the architecture of the
central processing unit. In Chapters 11 and 12 we present the organization and
architecture of the input-output processor and the memory unit.

1-2 Logic Gates

Binary information is represented in digital computers by physical quantities
called signals. Electrical signals such as voltages exist throughout the computer
in either one of two recognizable states. The two states represent a binary
variable that can be equal to 1 or 0. For example, a particular digital computer
may employ a signal of 3 volts to represent binary 1 and 0.5 volt to represent
binary 0. The input terminals of digital circuits accept binary signals of 3 and
0.5 volts and the circuits respond at the output terminals with signals of 3 and
0.5 volts to represent binary input and output corresponding to 1 and 0,
respectively.

Binary logic deals with binary variables and with operations that assume
a logical meaning. It is used to describe, in algebraic or tabular form, the
manipulation and processing of binary information. The manipulation of bi-
nary information is done by logic circuits called gates. Gates are blocks of
hardware that produce signals of binary 1 or 0 when input logic requirements
are satisfied. A variety of logic gates are commonly used in digital computer
systems. Each gate has a distinct graphic symbol and its operation can be
described by means of an algebraic expression. The input-output relationship
of the binary variables for each gate can be represented in tabular form by a
truth table.

The names, graphic symbols, algebraic functions, and truth tables of
eight logic gates are listed in Fig. 1-2. Each gate has one or two binary input
variables designated by A and B and one binary output variable designated by
x. The AND gate produces the AND logic function: that is, the output is 1 if
input A and input B are both equal to 1; otherwise, the output is 0. These
conditions are also specified in the truth table for the AND gate. The table
shows that output xis 1 only when both input A and input B are 1. The algebraic
operation symbol of the AND function is the same as the multiplication symbol
of ordinary arithmetic. We can either use a dot between the variables or
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OR

inverter

NAND

NOR

exclusive-OR

concatenate the variables without an operation symbol between them. AND
gates may have more than two inputs, and by definition, the output is 1 if and
only if all inputs are 1.

The OR gate produces the inclusive-OR function; that is, the output is 1
if input A or input B or both inputs are 1; otherwise, the output is 0. The
algebraic symbol of the OR function is +, similar to arithmetic addition. OR
gates may have more than two inputs, and by definition, the output is 1if any
input is 1.

The inverter circuit inverts the logic sense of a binary signal. It produces
the NOT, or complement, function. The algebraic symbol used for the logic
complement is either a prime or a bar over the variable symbol. In this book
we use a prime for the logic complement of a binary variable, while a bar over
the letter is reserved for designating a complement microoperation as defined
in Chap. 4.

The small circle in the output of the graphic symbol of an inverter desig-
nates a logic complement. A triangle symbol by itself designates a buffer
circuit. A buffer does not produce any particular logic function since the binary
value of the output is the same as the binary value of the input. This circuit
is used merely for power amplification. For example, a buffer that uses 3 volts
for binary 1 will produce an output of 3 volts when its input is 3 volts. However,
the amount of electrical power needed at the input of the buffer is much less
than the power produced at the output of the buffer. The main purpose of the
buffer is to drive other gates that require a large amount of power.

The NAND function is the complement of the AND function, as indicated
by the graphic symbol, which consists of an AND graphic symbol followed by
a small circle. The designation NAND is derived from the abbreviation of
NOT-AND. The NOR gate is the complement of the OR gate and uses an OR
graphic symbol followed by a small circle. Both NAND and NOR gates may
have more than two inputs, and the output is always the complement of the
AND or OR function, respectively.

The exclusive-OR gate has a graphic symbol similar to the OR gate except
for the additional curved line on the input side. The output of this gate is 1 if
any input is 1 but excludes the combination when both inputs are 1. The
exclusive-OR function has its own algebraic symbol or car be expressed in
terms of AND, OR, and complement operations as shown in Fig. 1-2. The
exclusive-NOR is the complement of the exclusive-OR, as indicated by the
small circle in the graphic symbol. The output of this gate is 1 only if both inputs
are equal to 1 or both inputs are equal to 0. A more fitting name for the
exclusive-OR operation would be an odd function; that is, its output is 1 if an
odd number of inputs are 1. Thus in a three-input exclusive-OR (odd) function,
the output is 1 if only one inputis 1 or if all three inputs are 1. The exclusive-OR
and exclusive-NOR gates are commonly available with two inputs, and only
seldom are they found with three or more inputs.
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1-3 Boolean Algebra

Boolean algebra is an algebra that deals with binary variables and logic oper-
ations. The variables are designated by letters such as A, B, x, and y. The three
basic logic operations are AND, OR, and complement. A Boolean function can
be expressed algebraically with binary variables, the logic operation symbols,
parentheses, and equal sign. For a given value of the variables, the Boolean
function can be either 1 or 0. Consider, for example, the Boolean function

F=x+y'z

The function F is equal to 1 if x is 1 or if both ¥’ and z are equal to 1; F is equal
to 0 otherwise. But saying that y' = 1 is equivalent to saying that y = 0 since
y' is the complement of y. Therefore, we may say that Fis equalto 1if x = 1
or if yz = 01. The relationship between a function and its binary variables can
be represented in a truth table. To represent a function in a truth table we need
a list of the 2" combinations of the n binary variables. As shown in Fig. 1-3(a),
there are eight possible distinct combinations for assigning bits to the three
variables x, y, and z. The function F is equal to 1 for those combinations where
x =1or yz = 01; it is equal to O for all other combinations.

A Boolean function can be transformed from an algebraic expression into
alogic diagram composed of AND, OR, and inverter gates. The logic diagram
for F is shown in Fig. 1-3(b). There is an inverter for input y to generate its
complement y’. There is an AND gate for the term y'z, and an OR gate is used
to combine the two terms. In a logic diagram, the variables of the function are
taken to be the inputs of the circuit, and the variable symbol of the function
is taken as the output of the circuit.

The purpose of Boolean algebra is to facilitate the analysis and design of
digital circuits. It provides a convenient tool to:

1. Express in algebraic form a truth table relationship between binary
variables.

Figure 1.3 Truth table and logic diagram for F = x + y'z.

—_————0 000 [x
——00~==00 |«
———— O O — O

z
0
1
0
1
0
1
0
1

(a) Truth table (b) Logic diagram



8  CHAPTER ONE Digital Logic Circuits

Boolean expression

DeMorgan’s theorem

2. Express in algebraic form the input-output relationship of logic
diagrams.

3. Find simpler circuits for the same function.
A Boolean function specified by a truth table can be expressed algebraically in
many different ways. By manipulating a Boolean expression according to
Boolean algebra rules, one may obtain a simpler expression that will require
fewer gates. To see how this is done, we must first study the manipulative
capabilities of Boolean algebra.

Table 1-1 lists the most basic identities of Boolean algebra. All the iden-
tities in the table can be proven by means of truth tables. The first eight
identities show the basic relationship between a single variable and itself, or
in conjunction with the binary constants 1 and 0. The next five identities (9
through 13) are similar to ordinary algebra. Identity 14 does not apply in
ordinary algebra but is very useful in manipulating Boolean expressions.
Identities 15 and 16 are called DeMorgan'’s theorems and are discussed below.
The last identity states that if a variable is complemented twice, one obtains
the original value of the variable.

TABLE 1-1 Basic Identities of Boolean Algebra

(1)x+0=x @) x-0=0

B)x+1=1 4 x1=x
G)x+x=x © x-x=x
NHx+x'=1 @) xx'=0

) x+y=y+x (10) xy = yx

) x+(y+z)=@x+y)+z (12) x(y2) = (xy)z

1) x(y+z)=xy + 2z (14) x + yx = (x + y)(x + 2)
15) (x +y) =2y’ 16) @) =x" +y'

17) ) =x

The identities listed in the table apply to single variables or to Boolean
functions expressed in terms of binary variables. For example, consider the
following Boolean algebra expression:

AB'+C'D + AB' +C'D
By lettingx = AB’ + C'D the expression can be writtenasx + x. From identity
5 in Table 1-1 we find that x + x = x. Thus the expression can be reduced to
only two terms:
AB'+C'D+A'B+ C'D=AB'+CD

DeMorgan’s theorem is very important in dealing with NOR and NAND
gates. It states thata NOR gate that performs the (x + y)' function is equivalent
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to the function x'y’. Similarly, a NAND function can be expressed by either
(xy)' or (x' + y’). For this reason the NOR and NAND gates have two distinct
graphic symbols, as shown in Figs. 1-4 and 1-5. Instead of representing a NOR
gate with an OR graphic symbol followed by a circle, we can represent it by
an AND graphic symbol preceded by circles in all inputs. The invert-AND
symbol for the NOR gate follows from DeMorgan’s theorem and from the
convention that small circles denote complementation. Similarly, the NAND
gate has two distinct symbols, as shown in Fig. 1-5.

To see how Boolean algebra manipulation is used to simplify digital
circuits, consider the logic diagram of Fig. 1-6(a). The output of the circuit can
be expressed algebraically as follows:

F=ABC+ ABC' + A'C

Each term corresponds to one AND gate, and the OR gate forms the logical
sum of the three terms. Two inverters are needed to complement A" and C'.
The expression can be simplified using Boolean algebra.

F=ABC + ABC' + A'C = AB(C + C")+ A'C
=AB+ A'C
Note that (C + C)’ = 1by identity 7 and AB - 1 = AB by identity 4 in Table 1-1.
The logic diagram of the simplified expression is drawn in Fig. 1-6(b). It
requires only four gates rather than the six gates used in the circuit of Fig.

1-6(a). The two circuits are equivalent and produce the same truth table rela-
tionship between inputs A, B, C and output F.

Figure 1-4 Two graphic symbols for NOR gate.

x x
.;’@—(x +y+z) y{)—x'y'z’=(x +y+z)
z

(a) OR-invert (b) invert-AND

Figure 1-5 Two graphic symbols for NAND gate.

x ’ x. - ’ g
b4 (xyz) »: x'+y' +2' = (xyz)
z z

(@) AND-invert (b) invert-OR
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[91--F 5

1|>C F

(@) F=ABC + ABC'+ AC

A —
B —

(B)F =AB + AC

Figure 1-6 Two logic diagrams for the same Boolean function.

Complement of a Function

The complement of a function F when expressed in a truth table is obtained
by interchanging 1’s and 0’s in the values of F in the truth table. When the
function is expressed in algebraic form, the complement of the function can be
derived by means of DeMorgan’s theorem. The general form of DeMorgan’s
theorem can be expressed as follows:

Gttt +x) =xxx-x
(XX x) =x+x+txn+t-+x,

From the general DeMorgan’s theorem we can derive a simple procedure for
obtaining the complement of an algebraic expression. This is done by changing
all OR operations to AND operations and all AND operations to OR operations
and then complementing each individual letter variable. As an example, con-
sider the following expression and its complement:

F=AB+C'D' +B'D

F'= (A’ + B')(C + D) + D)
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The complement expression is obtained by interchanging AND and OR oper-

ations and complementing each individual variable. Note that the complement
of C'is C.

1-4 Map Simplification

The complexity of the logic diagram that implements a Boolean function is
related directly to the complexity of the algebraic expression from which the
function is implemented. The truth table representation of a function is unique,
but the function can appear in many different forms when expressed alge-
braically. The expression may be simplified using the basic relations of Boolean
algebra. However, this procedure is sometimes difficult because it lacks specific
rules for predicting each succeeding step in the manipulative process. The map
method provides a simple, straightforward procedure for simplifying Boolean
expressions. This method may be regarded as a pictorial arrangement of the
truth table which allows an easy interpretation for choosing the minimum
number of terms needed to express the function algebraically. The map
method is also known as the Karnaugh map or K-map.

Each combination of the variables in a truth table is called a minterm. For
example, the truth table of Fig. 1-3 contains eight minterms. When expressed
in a truth table a function of n variables will have 2" minterms, equivalent to
the 2" binary numbers obtained from 7 bits. A Boolean function is equal to 1
for some minterms and to 0 for others. The information contained in a truth
table may be expressed in compact form by listing the decimal equivalent of
those minterms that produce a 1 for the function. For example, the truth table
of Fig. 1-3 can be expressed as follows:

F(x,y,z) = % (1,4,5,6,7)

The letters in parentheses list the binary variables in the order that they appear
in the truth table. The symbol 2, stands for the sum of the minterms that follow
in parentheses. The minterms that produce 1 for the function are listed in their
decimal equivalent. The minterms missing from the list are the ones that
produce 0 for the function.

The map is a diagram made up of squares, with each square representing
one minterm. The squares corresponding to minterms that produce 1 for the
function are marked by a 1 and the others are marked by a 0 or are left empty.
By recognizing various patterns and combining squares marked by 1’s in the
map, it is possible to derive alternative algebraic expressions for the function,
from which the most convenient may be selected.

The maps for functions of two, three, and four variables are shown in Fig.
1-7. The number of squares in a map of n variables is 2". The 2" minterms are
listed by an equivalent decimal number for easy reference. The minterm
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adjacent squares

B B
B A BC A
A 0 1 A 00 01 11 10
[N Y] 1 0| 0 1 3 2
A {] 2 3 A {] 4 5 7 6
—_—
c
(a) Two-variable map {b) Three-variable map
C
CD
et
AB 00 01 11 10
00| O 1 3 2

01] 4 5 7 6

B
nfiz|13]i1s|4
A
o[ 8 [9|11]10
——
D

(c) Four-variable map

Figure 1-7 Maps for two-, three-, and four-variable functions.

numbers are assigned in an orderly arrangement such that adjacent squares
represent minterms that differ by only one variable. The variable names are
listed across both sides of the diagonal line in the corner of the map. The 0’s
and 1’s marked along each row and each column designate the value of the
variables. Each variable under brackets contains half of the squares in the map
where that variable appears unprimed. The variable appears with a prime
(complemented) in the remaining half of the squares.

The minterm represented by a square is determined from the binary
assignments of the variables along the left and top edges in the map. For
example, minterm 5 in the three-variable map is 101 in binary, which may be
obtained from the 1 in the second row concatenated with the 01 of the second
column. This minterm represents a value for the binary variables A, B, and C,
with A and C being unprimed and B being primed (i.e., AB’C). On the other
hand, minterm 5 in the four-variable map represents a minterm for four
variables. The binary number contains the four bits 0101, and the correspond-
ing term it represents is A'BC’'D.

Minterms of adjacent squares in the map are identical except for one
variable, which appears complemented in one square and uncomplemented
in the adjacent square. According to this definition of adjacency, the squares
at the extreme ends of the same horizontal row are also to be considered
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adjacent. The same applies to the top and bottom squares of a column. As a
result, the four corner squares of a map must also be considered to be adjacent.

A Boolean function represented by a truth table is plotted into the map
by inserting 1’s in those squares where the function is 1. The squares contain-
ing 1’s are combined in groups of adjacent squares. These groups must contain
a number of squares that is an integral power of 2. Groups of combined
adjacent squares may share one or more squares with one or more groups.
Each group of squares represents an algebraic term, and the OR of those terms
gives the simplified algebraic expression for the function. The following exam-
ples show the use of the map for simplifying Boolean functions.

In the first example we will simplify the Boolean function

F(A,B,C) = 2 (3,4,6,7)

The three-variable map for this function is shown in Fig. 1-8. There are four
squares marked with 1’s, one for each minterm that produces 1 for the func-
tion. These squares belong to minterms 3, 4, 6, and 7 and are recognized from
Fig. 1-7(b). Two adjacent squares are combined in the third column. This
column belongs to both Band C and produces the term BC. The remaining two
squares with 1’s in the two corners of the second row are adjacent and belong
to row A and the two columns of C’, so they produce the term AC’. The
simplified algebraic expression for the function is the OR of the two terms:

F =BC + AC’
The second example simplifies the following Boolean function:
F(A,B,C) =2 (0,2,4,5,6)

The five minterms are marked with 1’s in the corresponding squares of the
three-variable map shown in Fig. 1-9. The four squares in the first and fourth
columns are adjacent and represent the term C'. The remaining square marked
with a 1 belongs to minterm 5 and can be combined with the square of minterm
4 to produce the term AB’. The simplified function is

F=C'+AB

Figure 1-8 Map for F(A,B,C) = 2(3,4,6,7).

(O LE
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Figure 1.9 Map for F(A,B,C) = £(0,2,4,5,6).

The third example needs a four-variable map.
F(4,B,C,D) =3 (0,1,2,6,8,9,10)

The area in the map covered by this four-variable function consists of the
squares marked with 1’s in Fig. 1-10. The function contains 1’s in the four
corners that, when taken as a group, give the term B’'D’. This is possible
because these four squares are adjacent when the map is considered with top
and bottom or left and right edges touching. The two 1’s on the left of the top
row are combined with the two 1’s on the left of the bottom row to give the
term B'C’. The remaining 1 in the square of minterm 6 is combined with
minterm 2 to give the term A’'CD’. The simplified function is

F=B'D'+B'C' + A'CD’'

Product-of-Sums Simplification

The Boolean expressions derived from the maps in the preceding examples
were expressed in sum-of-products form. The product terms are AND terms
and the sum denotes the ORing of these terms. It is sometimes convenient to
obtain the algebraic expression for the function in a product-of-sums form. The

Figure 1-10 Map for F(A,B,C,D) = 2(0,1,2,6,8,9,10).
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